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Abstract 

We construct rational projective 4- dimensional varieties with the property that certain 
Lawson homology groups tensored with Q are infinite dimensional Q- vector spaces. More 
generally, each pair of integers p and k, with > 0, p > 0, we find a projective variety Y, 
such that LpH2p+k(X) is infinitely generated. 

We also construct two singular rational projective 3-dimensional varieties Y and Y' 
with the same homeomorphism type but different Lawson homology groups, specifically 
LiH^{Y) is not isomorphic to LiH^lY') even up to torsion. 



1 Introduction 

This paper gives examples of singular rational projective 4-dimensional varieties with 
infinitely generated Lawson homology groups even modulo torsion. This is totally different 
from the smooth case ([Pe], also [HI]), where it is known that all Lawson homology groups 
of rational fourfolds are finitely generated. 
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This paper also gives examples of singular rational projective 3-dimensional varieties 
with the same homeomorphism type but different Lawson homology groups. 

For an algebraic variety X over C, the Lawson homology LpHk{X) of p-cycles is 
defined by 

LpHkiX) := 7rfe_2p(-Zp(X)), k>2p>0 

where Zp{X) is provided with a natural topology. For general background, the reader is 
referred to the survey paper [L2]. 

Clemens showed that the Griffiths group of 1-cycles (which is defined to be the 
group of algebraic 1-cycles homologically equivalent to zero modulo 1-cycles algebraically 
equivalent to zero) may be infinitely generated even modulo the torsion elements for 
general quintic hypersurfaces in P"^ (cf. [C]). Friedlander showed that LiH2{X) is exactly 
the algebraic 1-cycles modulo algebraic equivalence (cf. [F]). Hence the Griffiths group of 
1-cycles for X is a subgroup of L\H2{X). 

This leads to the following question: 

(Q): Can one show that LpH2p+j{X) is not finitely generated for some projective variety 
X where j > ? 

In this paper we shall construct, for any given integers p and j > 0, examples of 
rational varieties X for which LpH2p+j{X), as an abelian group, is infinitely generated. 
Thus, we answer affirmatively the above question : 

Theorem 1.1 There exists rational projective variety X with dim[X) = 4 such that 
LiH^{X) ^ Q is not a finite dimensional Q-vector space. 

By using the projective bundle theorem given by Friedlander and Gabber([FG]), we 
have the following corollary: 

Corollary 1.1 For any p > 1, there exists projective algebraic variety X such that 
LpH2p+i{X) is not a finitely generated abelian group. 

More generally, we have 

Theorem 1.2 For integers p and k, with k > 0,p > 0, we can find a projective variety 
Y , such that LpH2p+kiY) is infinitely generated. 

Remark 1.1 The smoothness is essential here. Compare Theorem 1.1 with the following 
result proved by C. Peters. 
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Theorem 1.3 ([PeJ) For any smooth projective variety X over C with Cho(X) ^Q = Q, 
the natural map $ : LiH^{X) (8) Q — > H^{X, Q) is injective. In particular, L\H^{X) ® Q 
is a finite dimensional Q-vector space. 

Any rational variety X (smooth or not) has the property that Ch.o{X) (8) Q = Q. 

Applying the same construction to hypcrsurfaces in P^, we obtain the following: 

Theorem 1.4 There exist two rational 3-dimensional projective varieties Y and Y' which 
are homeomorphic hut for which the Lawson homology groups LiH^{Y, Q) and LiH^{Y' , Q) 
are not isomorphic even up to torsion. 

Remeirk 1.2 In fact, these varieties in Theorem I.4 have exactly one isolated singular 
point. 

2 Lawson Homology 

In this section we briefly review the deflnitions and results used in the next section. 
Let X be a projective variety of dimension m over C. The group of p-cycles on X is the 
free abelian group Zp{X) generated by irreducible p-dimensional subvarieties. 

Definition 2.1 The Lawson homology LpHk{X) of p- cycles on X is defined by 

LpHk(X) := 7rk-2p(Zp(X)), k>2p>0, 

where Zp{X) is provided with a natural, compactly generated topology (cf. [FJ, [LI], [L2]). 

Definition 2.2 The Griffiths group Griffp(X) of p-cycles on X is defined by 

Griffp(X) := Zp{X)hom/2p{X)aig 

where Zp{X)hom denotes algebraic p-cycles homologous to zero and Zp{X)aig denotes al- 
gebraic p-cycles which are algebraically equivalent to zero. 

Remcirk 2.1 It was shown by Friedlander that LpH2p{X) = Zp(X)/ Zp(X)aig {cf. [F]). 
Hence the Griffiths group Griffp(X) is a subgroup of the Lawson homology LpH2p{X). 
Therefore, for any projective variety X (its homology groups are finitely generated) , Grifi^p(X) 
is infinitely generated if and only if LpH2p{X) is. 

Remeirk 2.2 For a quasi-projective variety U, LpHk{U) is also well-defined and indepen- 
dent of the projective embedding (cf. [Li], [L2]). 

Let y C [/ be a Zariski open subset of a quasi-projective variety U. Set Z — U — V . 
Then we have 
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Theorem 2.1 ([Li]) There is a long exact sequence for the pair {U, Z), i.e., 
LpHk{Z) LpHk{U) LpHk{V) LpHk-i{Z) ■ ■ ■ 



(1) 



Remcirk 2.3 For any quasi-proj active variety U, L^HkiU) = H^^^{U), where H^^{U) 
is the B Orel- Moore homology. This follows from the Dold-Thom Theorem [DT]. 

As a direct application of this long exact sequence, one has the following results [Li] : 

2.1 Let U = P'^^+^ and V = P"+^ — P". By the Complex Suspension Theorem [LI], we 
have, Lpi72n(C") = Z; LpHkiV^) = for any k 2n and k > 2p > 0. 

2.2 Let = C" and K-i C C" be a closed algebraic set. Set = K-i- Then 



LpH2n+l{Vn) LpH2n{Vn-l) LpH2n{C^) ^ LpH2n{Vn) ^ LpH2n-l{Vn-\) ^ 



3 An Elementary Construction 

Construction Let X = (/(xq, ■ ■ ■ , Xn+i) = 0) be a general hypersurface in P^+i with 
degree d, and let Vn :^ X - X D {P" ^ {xq = 0)} be the affine part, i.e. K C C"+^ 
Define Vn+i := C""^-*^ — V^, then Vn+i can be viewed as an afhne variety in C""*"^ defined 
by X n+2 ■ ■ ■ ■ ,Xn+i) -1 = 0, where K = {fjl.x i, ■ ■ ■ ,.t„+i) = 0). Denoted by 

Vn+i the projective closure of Vn+i in P^+2 and set Z„ = Vn+i — Ki+i- 

We leave the study of this case where n — 1, and X is a smooth plane curve, as an 
exercise. 

3.1 Application to the Case n = 2 

In this subsection, 1 will show that there exist two rational projective 3-dimensional 
varieties with the same singular homology groups but different Lawson homology. 
The following result proved by Priedlander will be used several times: 

Theorem 3.1 (Friedlander [Fl]) Let X he any smooth projective variety of dimension 
n. Then we have the following isomorphisms 



we have 



and 



LpHk+iiVr,) ^ LpHkiVr,^^), k ^ 2n, 2n + 1. 



I 



Ln-lH2n{X) = Z, 




(X, Z) = NS{X) 
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For a finitely generated abelian group we denote by rk(G) the rank of G. 

Let X C be a general surface with degree d = 4. Then V2 = X — X n and 
C := X n P^ is a smooth curve in P^. 

Lemma 3.1 rk(LiiJ2(^)) = rk(Lii/2(^)) + 1; MLiH^{V2)) = 0. 

Proof. Applying Theorem 2.1 to the pair {X, C) and Theorem 3.1 for X, we get 

^ LiH3{V2) ^ Lii/2(C) ^ Lii/2(X) -> LiH2{V2) ^ 0. 

Note that LiH2{C) = Z and the map LiH2{C) LiH2{X) is injective, and so we 
get LiHs(y2) = 0. Therefore, by the above long exact sequence, we have rk(Liif2(^)) — 
rk{LiH2{V2)) + 1. □ 

Lemma 3.2 rk(Li//2(^2)) = 1/ rk(Li//3(Z2)) = 6; rk(Lii/4(Z2)) = 2. 

Proof. Note that Z2 — V3 — V3 is defined by (x^ ■ f{0,xi, ...^Xs) = 0,a;o = 0) in P^. 
Let C = = 0) n (/(O, xi, ■ ■ ■ , X3) = 0) in the hypcrplane {xq = 0) C P^. It is easy 
to see that C = C. Then Z2 = P^ U Sp(C), where Sp(C) means the joint of C and the 
point p = [1 : : ■ ■ ■ : 0]. By applying Theorem 2.1 to the pair (Z2, SC), we get 

> LiH3{Z2 - EC) ^ Li//2(EC) ^ LiH2{Z2) L^H2{Z2 - EC) ^ 0. 

Note that Z2 - EC ^ P^ - C and LiH^iF"^ - C) = 0. Therefore rk(Lii^2(^2)) = 1- 
Moreover, since Li//4(P^ - C) = Z and Lii/4(EC) = Z and P^ nEC = C is a curve. The 
last statement follows. Recall that the Complex Suspension Theorem and Dold-Thom 
Theorem, we have LiHs{T,C) = LqHi{C) = Hi{C). By assumption, C is a plane curve 
of degree 4. The adjunction formula gives rk(i7i(C)) = 6. The second statement follows. 
□ 

Lemma 3.3 rk(Li//2(X^)) < 1/ MUH^iy^)) = rk(Li//2(^)) + rk(Li//2(^)) + 4. 
Proof. Applying Theorem 2.1 to the pair (T/3, Z2) with p = 1, we have 

^ LiH^{Z2) ^ L^H^iyz) ^ UH^iV^) ^ L^H2{Z2) ^ UH2(y^) ^ 

since Lemma 3.1 gives Lii/2(^3) = and Lii74(^3)_5 ^1^3(^2) = 0. Hence rk(Lii72(V^)) < 
1. Moreover, we have i\i{LiH^{Z2)) - i\i{LiH^(y^)) + T\i{LiH^{V^)) - rk(Lii/2(^2)) + 
rk(Lii72(V'3)) = 0. By Lemma 3.2, we get 

6 - rk(Li//3(T^)) + (rk(Li//2(^)) - 1) - 1 + rk(Lii/2(T^)) = 

□ 
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Lemma 3.4 Sing(V:3) = {X n {xq = 0)} U {p} = C U {p}. 
Proof. It follows from a direct computation. By definition, 



Sing(V^3) 



F{xo,Xi,X2,X3,X4) = 0, 
dF{xo,Xi,X2,X3,X^) = 



Xq^^ - X4- f{xo,Xi,X2,X3) = 0, 
dxo 



= < 



(d+l)xo-X4-£ = 0, 



0, 
0, 



-^4-^ = 0, 
, f{Xo,Xl,X2,X3) = 



xo = 0, 

^4 - u, 

^4 • 0^ 

■^4 Qxg 



0, 
0, 



^ /(a;o,a;i,a;2,a;3) = 



Xo = X3 = f{xQ, Xi, X2) = > U < Xo 



df df df df 



dxo 

= {xo = f{xo, xi, X2) = 0} U {p} 
since C = (/ = 0) is smooth by our assumption. 



dxi 8x2 

-cu{p} 



9xq 



□ 



Remark 3.1 Note that p is an isolated singular point and the singularity C = X f] 
{xq = 0) is of An-type. We can resolve the singularity of this part by blowing up twice 
over the singularity, i.e., by blowing up over the singularity for the first time and then 

blowing up the singularity of the proper transform of the first blowup. We denote by V3 

the proper transform of V3 with the exceptional divisor Di for the first blowup and V3 the 

proper transform of V3 with the exceptional divisor D2 for the second blowup. Both Di 
and D2 are isomorphic to a fiber bundle over C with fibre the union of two intersecting 
at exactly one point. See the appendix for the computation of a concrete example. 

Now V3 has only one singular point, denote by q. 

Lemma 3.5 The singular point qinVs can be resolved by one blow up whose exceptional 
divisor is isomorphic to X. 
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Proof. It follows from a trivial computation. □ 

We denote by the proper transform of the blow up in the above lemma. Note that 
Ws is a smooth rational threefold. We have the following property on W^. 

Proposition 3.1 For a smooth surface X C P^, the thus constructed is a smooth 
rational threefold with a fixed homeomorphic type, i.e., for two smooth surfaces X and X' 
in P^, the corresponding smooth rational threefolds W3 and are homeomorphic. 

Proof. Note that V3 is a hypersurface in P^. Let {ft{xo, ■ ■ ■ , x^) = 0) C P"^ be a family 
of hypersurface such that — (/o = 0) is transversal to the hypersurface H — (xq — 0). 
Let A be a neighborhood of t = such that {ft = 0) is transversal to H for all t £ A. 
Let C P^ X A be the (analytic) variety defined by F{x,t) :— ft{x) — 0. Then we have 
the following incidence correspondence 

W c P^ X A 
i TT in 
A = A, 

with7r-^{t)nW = W\ _ 

By Remark 3.1 and Lemma 3.5, wc get a smooth variety W by blowing up twice 

along 2-dimensional singularity of Sing{W) and once for the remainder 1-dimensional 

singularity of Sing{W). Denote by E the exceptional divisor of the last step. We claim 

that the map tt : — > A is a snioothj)roper submersion. In fact, let v be a vector field 

of A and let v he a lifting in T(W, TW) such that 7f*(-u) = v. 

Denote by Lpt (rcsp. ipt) the flow determined by v (resp. v). Then '■ gives 

the homeomorphism between two fiber of tt from Ehresmann's Theorem [V]. This implies 

the result of the proposition. 

□ 

Prom this proposition, we have the following 

Corollary 3.1 For all smooth surfaces X C P^ of fixed degree, the V3 thus constructed 

has a fixed homeomorphism type. 

Proof. In this proof of the proposition, we actually can choose v such that l)v is 
tangent to W; 2) v is tangent to the exceptional divisor E. Then the flow of v gives the 
homeomorphism of any two fibers. 

□ 

We want to show that some Lawson homology group of V3 may vary when the general 
X varies in P^. 

Theorem 3.2 There exist two rational 3-dimensional projective varieties Y, Y' such that 
Y is homeomorphic to Y' but the Lawson homology group LiH^lY) is not isomorphic to 
LiHs{Y') even up to torsion. 
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Proof. If X C is a general smooth quartic surface, then the Picard group Pic(X) = 
Z by Noether-Lefschetz Theorem. For details, see e.g. Voisin [V]. But it is well known 
that there are still many special smooth quartic surfaces X' in P^ with rk(Pic(X')) as big 
as 20. Note that by Theorem 3.1 and the Weak Lefschetz Theorem LiH2{X) ^ Pic{X) 
for any smooth surface X in P"^. 

Now we choose smooth X with LiH2{X) = Z and X' with LiH2{X') = T?^ . Set 

y := V3 and Y' := V^. Let Wj, (resp. be as in Proposition 3.1. From the proof of 
Lemma 2.1 in [HI], we have the commutative diagram 



> L.HsiE) ^ L^H3{Ws) ^ L,Hs{Ws - E) ^ L^H^iE) ^ ••• 

i i i= i 
> L^HM ^ UH^{y) ^ LiH,(Y-q) ^ LiH^iq) ^ ■■■ 

By Lemma 3.5, we know E = X. By Theorem 3.1, we have LiH^^X) = H^[X). By 
the Lefschetz Hyperplane Theorem, we know X is simply connected. Since is a point, 
we have LiH^{Y) ^ L^H^{Y - q) ^ L^H^{W^ - E) and L^H2{Y) ^ L^H2{Y - q) ^ 
LiH2iWs-E). 

The top row of the above commutative diagram turns into the long exact sequence 

0^L,Hs{Ws)^LiHs{Y)^LiH2{X) ^ L^H2{Ws) ^ L^H2{Y) ^ 

Therefore, we have 

rkLiHsiWs) - rkLiH3{Y) + rkLiH2{X) - rkLiH2{W3) + rkLiH2{Y) = 

Since W3 is a smooth rational threefold, we have LiH3{Ws) = i?3(H^3), ^17^2(^3) = 
H2{W3) ([FHW, Prop. 6.16]) and by Proposition 3.1 HiiW^) ^ Hi{W^) for all i. 



(*) rkL^H^iY) = rk//3(M^3)+rkLi//2(^)-rk//2(W^3)+rkLi//2(l^) 
By applying Theorem 2.1 to (V3, Di), we get 

> L,H2(D,) ^ L,H2(%) ^ L,H2(% - D^) ^ 

Hence _ _ 

TkLiH2{V3) < rkLiH2{Di)+TkLiH2{%_-Di) 
= rkLiH2{Di) + rkLiH2{V3^ q) 

TkLiH2{Di)+TkLiH2{V3) 

< rkLiH2{Di) + l (Lemma 3.3) 

Similarly, 

rkLi//2(^) < TkLiH2{D2)+TkLiH2{%) 
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Therefore, 

rkLii72(^) < TkLiH2{D2)+TkLiH2{Di) + l. 

Since Di (also D2) is isomorphic to a UP^-bundle over a smooth curve C, it is easy 
to compute, by using Theorem 2.1 and the Projective Bundle Theorem [FG], that 

TkLiH2{Di) < rkLi//2(C) + 2 • rkLoHo{C) = 1 + 2x1 = 3. 

Therefore _ 

rkLiH2{V3) < 3 + 3 + 1 = 7. 

The same computation applies to and we get 

rkLi//2(W) < 3 + 3 + 1 = 7. 
Prom this together with (*), we have 

ikLiH^iW) < ikHsiWs) + TkLiH2{X) - rkH2iW3) + 7 

= rkH^iWs) - rkH2{W3) + 8 (since LiH2{X) ^ Z) 

On the other hand, we have 



rkLiHsiV^) > ikH:i{W^) + rkLiH2iX') - rkH2{W^) 

rkHslWs) + rkLiif2(^') - rkH2{W3) 
= rkHsiWs) - rkH2{W3) + 20 (since L^H2{X') ^ Z^O) 

This shows that LiH3{Vz) is not isomorphic to LiH^iV^). 

□ 



3.2 Application to the Case n = 3 

With this construction, if we choose n = 3 and X C P*^ to be a general hypersurface 
of degree d = 5, then V^, ^ X — X and 5" := X n P^ is a smooth surface in P^. 

The proof of Theorem 1.1: By applying Theorem 2.1 to the pair [X, S), we get 

> LrH^iVs) ^ L,H2{S) ^ L,H2{X) ^ L,H2{Vs) ^ 0. (2) 

The above long exact sequence (2) remains exact after being tensored with Q. Note 
that LiH2{X) ® Q D Griff i(X) Q is an infinite dimensional Q- vector space by [C]. 
Recall that LiH2{S) is finitely generated since dim^* = 2 (cf. [F]). Hence LiH2{V3) ®Q is 
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an infinite dimensional Q-vector space. By (2.2), we have LiH^iV^) ® Q = LiH2{V3) ® Q 
is an infinite dimensional Q-vector space. 

Note that Z3 = V4 — V4 is defined by (2:5 • /(O, 0:4) = 0, = 0) in P^. Let 

S' — (xs = 0) n (/(0,xi, ...,2:4) = 0) in the hyperplane {xq = 0) C P^. It is easy to see 
that S' = S. Then Z3 = P^ U T,p{S), where Sp(S') means the joint of S and the point 
p = [1 : : • • • : 0]. By applying Theorem 2.1 to the pair {Z3, ES"), we get 

> LiHsiZs - J:S) LiH2{^S) LiH2{Zs) ^ Li//2(^3 - ^S) 0. (3) 

Note that Z3 — SS* = P^ — S*. Therefore LiH2{Z^)®^ is of finite dimensional since both 
Lii/2(E S)®^ = LoHoiS, Q) = Q ([LI]) and LiH2(P^ -S)0Q are. By the same type 
argument, we have LiH^{Z'i) ® Q is of finite dimensional since both LiH^i^S) ® Q = 
LqHi{S, Q) = O(note that 5" is simply connected) and Liif3(P^ - 5") (g) Q are. 

By applying Theorem 2.1 to the pair ( V4, Z3) , we have the following long exact sequence 

> LiHs{Z^) ^ L.HsiV^) ^ Lii/3(^4) ^ L,H2{Zs) ^ • • • (4) 

From (4), the infinite dimensionality of LiH^CV^) ® Q, the finite dimensionality of 
LiH2{Z'^)0Q and LiH^(Z3)i^Q, we obtain that LiH^^V^ji^Q is an infinitely dimensional 
Q-vector space. This completes the proof of Theorem 1.1. 

□ 

We can continue the procedure. Set :— — V5, then V5 can be viewed as an affine 
variety in C*' defined by Xq ■ {x^ • /(I, Xi, ■ ■ ■ , x^) — 1) — 1 =0. Set Z^ — V^ — V5, and so on. 
It can be shown in the same way that LiH-i,{Z4) is finitely generated by using Theorem 
2.1 and Lawson's Complex Suspension Theorem. Note that LiH^^iyr,) = LiH^lV^) is 
infinitely generated by 2.2. 

By applying Theorem 2.1 to the pair (V5, Z4), we get the long exact sequence 

^ L.H^Z^) ^ LiH^m) ^ L.H^iV^) ^ L.HsiZ^) 
Prom these we obtain that LiH4{V5) is infinitely generated. 
Proposition 3.2 In this construction, LiHk{Vk+i) is not finitely generated for k > 3. 

□ 

By the Complex Suspension Theorem [LI] , Lp+ii72p+ik(S^Vfe+i) = LiHk{Vk+i). There- 
fore we get: 

Theorem 3.3 For integers p and k, with k > 0,p > 0, we can find a rational projective 
variety Y , such that LpH2p+kiy) is infinitely generated. 

□ 
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Remark 3.2 If k = and p > 0, there also exists projective varieties Y such that 
LpH2p{Y) is infinitely generated. This follows from the Projective Bundle Theorem [FG] 
and a result of Clemens [C]. 

Remark 3.3 All the Y thus constructed above are singular projective varieties. Can one 
find some smooth projective variety such that the answer to the question (Q) is positive? 
Yes, we can. The author has constructed examples of smooth projective varieties such 
(Q) is true (cf [H2];. 

Remark 3.4 Note that all Vk+i are singular rational projective varieties. For smooth 
rational projective varieties Y , LiH^{Y) <S) Q are finite dimensional Q-vector spaces [Pe]. 
The author showed LiH^{Y) are finitely generated abelian groups [HI]. 



4 Appendix 

Let /(xo, ■ • • , X4) be a general homogenous polynomial of degree 5 and X be a hypersur- 
face of degree 6 in given by F{xq, ■ ■ ■ , x^) := X5f{xo, ■ ■ ■ , X4) —Xq = 0. It is easy to see 
from the proof of Lemma 3.4 that the singular points set of X is the union of a smooth 
2-dimensional variety Y given by Xq — x^ — f{xo, Xi, - • ■ , X4) — and an isolated point 
definedby{xo = ^ = ^ = ^ = --- = ^ = 0}. 

Let (7 : Py — > P^ be the blow up of P^ along the surface Y and Xy be the proper 
transform in the blow up Py. Denoted hy E — P(Ny/p5) the exceptional divisor of the 
blow-up. Then D = E D Xy C P(A^y/p5) corresponds to the image of the tangent cones 
TpX C Tp(p5) in P{Ny/p5) at points peY. 

Now 

a degree 2 polynomial in P^. Directly computation shows that 

\ df df 1 

Hence D — Xy fl is a fiber bundle over Y with singular conies as fibers. Clearly. Xy 
is smooth away from D. Since D G E is a 3-dimensional variety with singular points set 

5 = Y, we can show that it is the only singularity on Xy: 

Proposition 4.1 The proper transform Xy is a ^-dimensional variety in P(A^y/p5) with 
singularity 5" = y U {q\, where q is an isolated singular point. 
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Proof. From the proof of Lemma 3.4, we see that the singular points S oi X consist 
of two components. One is a smooth surface and the other is an isolated point q. 

Since / is nonsingular on y = {xq = f{0,xi, ■ ■ • ,X4) — 0}, we have df ^ on Y. 
Let us restrict ourselves to a neighborhood of a point p in Y. There, we can take the 
neighborhood of p as the affine space with p the origin. Hence we can choose y = f 
as a coordinate in the neighborhood of each point on Y since it is smooth. Locally, Y is 
defined by Xq — x^ — y =J)_in C^. We denote it by Yq. For convenience, we denote Xq by 
X, X5 by z. The blow up (C^)^^ of along Yq is defined by the system of equations 



in X P^, where [u : v : w]is the homogenous coordinates on P^. Let a : (C^)^^ — > be 
the map of this blowup. Then the inverse image of X is given by the following equations: 



The above equations define two divisors on {C^)yo- One of them is the exceptional divisor 
Eq, the intersection of E with {C^)yo and the other is exactly the proper transform Xyq 
of Xq in {C^)yo, where Xq is the part of X in C^. 

Wc want to show that Xyq is smooth away from Yq. Now it is clear. The blow up 

(C^)y^, is covered by 3 open charts: {u ^ 0), {v ^ 0) and (w ^ 0). 

On the chart (m 7^ 0), we can set m = 1. The equations for the inverse image of Xq 
under a are given by 



The equations xv = y and xw = z imply yw = zv. Replacing y and z by xv and xw, 
respectively, we can factor x"^ in the first equation x^ — {xv){xw) = 0. Hence the proper 
transform Xyq are given by 



XV = uy, 
xw = uz, 
yw — zv. 






and the exceptional divisor is given by 
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r x2 = 0, 

y xw = z. 

i.e., x = y = z = v = w = 0, which is isomorphic to Yq. 

It is easy to show that on the charts {v ^ 0) and {w ^ 0), the proper transform Xy^ 
is smooth everywhere. This completes the proof of the proposition. 

□ 

Remark 4.1 In fact, the 2- dimensional singularity of X is of the An-type. It can be 
resolved by blowing up one more time. The isolated singularity q can be resolved by one 
blowup. 

Acknowledge 

1 would like to express my gratitude to my advisor, Blaine Lawson, for proposing this 
problem and for all his help. 

Reference 

[C] Clemens, H., Homological equivalence, modulo algebraic equivalence, is not finitely 
generated, l.H.E.S. Publ. Math. 58 (1983), 19-38. 

[DT] Dold, A. and Thom, Ii.,Quasifaserungen und unendliche symmetrische Produkte. 
(German) Ann. of Math. (2) 67 1958 239-281. 

[F] Friedlander, E. Algebraic cycles, Chow varieties, and Lawson homology, Comp. 
Math. 77(1991), 55-93. 

[FG] Friedlander, Eric M.; Gabber, Ofer, Cycle spaces and intersection theory, Topologi- 
cal methods in modern mathematics (Stony Brook, NY, 1991), 325-370, Publish or 
Perish, Houston, TX, 1993. 

[HI] Hu, W., Some birational invariants dehned by Lawson homology. |arXiv:math.AG/0511722 

[H2] Hu, W., Generalized Abel-Jacobi map on Lawson homology. Preprint. 

[LI] Lawson, B..B. Jr., Algebraic cycles and homotopy theory, Ann. of Math. 129(1989), 
253-291. 

[L2] Lawson, H.B. Jr., Spaces of algebraic cycles, pp. 137-213 in Surveys in Differential 
Geometry, 1995 vol.2. International Press, 1995. 

[Li] Lima-Filho, P., Lawson homology for quasiprojective varieties, Comp. Math. 84 
(1992), no. 1, 1-23. 



13 



[Pe] Peters, C. Lawson homology for varieties with smaU Chow groups and the induced 
mtration on the GrifEths groups, Math. Z. 234 (2000), no. 2, 209-223. 

[V] Voisin, C, Theorie de Hodge et geometrie algebriquc complcxe, Cours Specialises, 
10. Societe Mathematique de France, Paris, 2002. viii+595 pp. ISBN 2-85629-129-5 

Department of Mathematics, 
Stony Brook University, SUNY, 
Stony Brook, NY 11794-3651 
Email: wenchuan@math . sunysb . edu 



14 



